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Abstract—Manipulation is the ability of an agent to control of
its environment through selective contact. Our goal for this class
project is to better understand stiff, non-smooth contact dynamics
and the resulting exploding / discontinuous gradients, as well
as the non-convexity of the planning problem. Planning robot
dexterity is challenging due to the non-smoothness introduced
by contacts, intricate fine motions, and ever-changing scenar-
ios. Model-based methods have tackled the contact dynamics
challenges by smoothing contact dynamics analytically while
model-free stochastic RL methods address these challenges by
effectively sampling and averaging the contact modes. Recent
methods in contact-implicit trajectory optimization solve for
control sequences directly without explicitly enumerating changes
in dynamics at contact events. Therefore it is possible to solve
trajectory optimization problems which can handle making and
breaking contact in a quasi-static environment by levraging
recent work on log-domain interior-point methods that approxi-
mates the classical barrier in a precise sense leading to superior
performance. We apply this technique to trajectory optimization
problem which can handle making and breaking contact in a
quasi-static environment.

Index Terms—Manipulation Planning, Dexterous Manipula-
tion, Motion and Path Planning, Contact Modeling, Convex
Optimization, Interior Point Methods, Log Barrier Methods

I. INTRODUCTION

When interacting with the world, humans constantly make
and break contact. However, methods for enabling robots to
perform the same behaviors struggle due to the challenges
posed by the dynamics of contact. Prior work in this area can
be broadly categorized into model free approaches and model
based approaches.

Recent advances in reinforcement learning (RL) have shown
impressive results [5, 10, 4, 3] in manipulation through contact
rich dynamics that were difficult to achieve with previous
model based methods. However, it is yet unclear what made
these methods successful, where model-based methods have
struggled.

From a model-based perspective, the most significant ob-
stacle for planning through contact lies in the hybrid nature of
contact dynamics (i.e., numerous modes of smooth dynamics
separated by guard surfaces). The non smooth nature of the
resulting dynamics implies that the Taylor approximation no
longer holds locally; thus, the locally linear model constructed
with the gradient quickly becomes invalid. This invalidity of
the local model presents significant challenges for both itera-
tive gradient-based optimization. Faced with such challenges,

many existing works [1, 6, 2, 7, 9, 8] have sought to explicitly
consider contact modes by either enumerating or sampling
them. With model-based knowledge of the dynamic modes,
these planners typically alternate between continuous state
planning in the current contact mode and a discrete search for
the next mode, resulting in trajectories punctuated by a handful
of mode changes. However, methods for enabling robots to
perform the same behaviors struggle due to the challenges
posed by the dynamics of contact:

• Dynamics non-differentiable at contact events
• Search through contact modes grows combinatorially
• Gradient information about the effects of contact is non-

existent before contact occurs
Therefore, recent methods [12] in contact-implicit trajec-

tory optimization solve for control sequences directly without
explicitly enumerating changes in dynamics at contact events.

A. Log-barrier interior-point smoothing method

We aim to leverage the log-barrier interior-point smoothing
method [11] learned in class to solve trajectory optimization
problems which can handle making and breaking contact in
a quasi-static environment. Interior-point methods (IPMs) are
widely used numerical algorithms for solving convex quadratic
programs (QPs) of the form

minimize
1

2
xTWx+ cTx

subject to Ax+ b ≥ 0,
(1)

where x ∈ Rn is the decision variable, A ∈ Rm×n and
b ∈ Rm define linear inequality constraints, and W ∈ Rn×n

is a symmetric, positive semidefinite matrix that, together
with c ∈ Rn, defines a convex, quadratic objective. IPMs
solve above mentioned optimization problem by tracking the
solution (x, s, λ) ∈ Rn × Rm × Rm to the central-path
conditions

;

ATλ = Wx+ c, s = Ax+ b,

λ ≥ 0, s ≥ 0,

siλi = µ ∀i ∈ {1, 2, . . . ,m}
(2)

for a decreasing sequence of µ > 0. When µ = 0, these
are precisely the Karush-Kuhn-Tucker (KKT) optimality con-
ditions for the original problem. Hence, by gradually re-
ducing µ to zero, IPMs produce an optimal solution x to
the main problem along with an optimal constraint slack s



Fig. 1: Block ball system for visualizations of contact force
below.

and corresponding vector λ of Lagrange multipliers. IPMs
are really efficient in practice and there are many optimal
implementation packages around. Log-domain interior-point
methods [11] formulate the problem as follows. The set of
nonnegative (s, λ) satisfying siλi = µ for i ∈ {1, 2, . . . ,m}
is easily parameterized in the log-domain: letting ev ∈ Rm

denote elementwise exponentiation, this condition holds if and
only if λ =

√
µev and s =

√
µe−v for some v ∈ Rm. This

v-parametrization of s and λ yields the following log-domain
reformulation of the central-path conditions:

√
µAT ev = Wx+ c,

√
µe−v = Ax+ b (3)

and a template log-domain interior-point method for solving
the QP:

• Update (v, x) by applying Newton’s method to central
path for fixed µ.

• Reduce µ and repeat.

II. METHOD

We use quasi-static dynamics to simplify the problem and
use the log-domain trick as described in class to ensure
the complementarity problem is solved by construction. This
allows us to start with a large ρ to enable force-at-a-distance
and non-physicality to allow the solver to find a solution in the
right region. Then we can decrease ρ progressively to ensure
contact forces occur only at contact. Figure 1 is a visualization
of the perceived force at various points in the configuration
space for different values of ρ.

For large values of ρ, configurations far away from contact
still experience forces, allowing for the optimizer to capture
the gross motions of the objects. Then as ρ is reduced the
contact forces are only applied at the real contact locations
ensuring the realism of the dynamics.

A. Quasi static Contact Dynamics and Optimization

In this section we describe the dynamics of the simple 2D
system, that includes a T shaped box and a ball. The ball is
actuated, meaning we are able to control it to push and rotate
the box. This is reflected in the mass matrix where the ball
is assumed to be point mass, with no inertia. In the spring
constant matrix, we model the interaction between the ball
and T like a spring damper. The state vector has position of
the ball and T only. Velocities are assumed to be zero in quasi

(a) ρ = 0.001 (b) ρ = 0.05 (c) ρ = 0.1

(d) ρ = 0.5 (e) ρ = 1.0 (f) ρ = 2.0

Fig. 2: Effect of ρ on contact dynamics

static formulation. As for Controls they are in R2 and they
only apply to the ball since only ball can be actuated:

M =


0

0
m

m

K =


k

k
0

0

B =


1 0
0 1
0 0
0 0


In addition to these we also define, the following:

• Signed distance function: ϕ(q)
• Delta q: δq
• Contact Jacobian: J and Contact force applied by the

box: λ.

q =


qcx
qcy
qbx
qby

u =

[
∆qcx
∆qcy

]
=

[
qd − qcx
qd − qcy

]

Putting it all together we arrive at the equations of motion.

Mq̈ + P (q) = KBu+ JTλ (4)

With these basic ingredients, we now formulate the quasi
static contact optimization problem as follows:

minδq
1

2h
δqTMδq +

h

2
δqTKBδq + h(P (q)−KBu)δq

subject to ϕ(qk + δq) ≥ 0
(5)

B. Planning Through Contact

We linearize the signed distance function constraint, intro-
duce a slack variable, and formulate the log barrier version
of the same problem as (in the process we do a change of
variables as well):

minδq,sC(δq)− ρ log(s)

subject to ϕ(qk) + hJδq − s = 0

s ≥ 0

(6)



The lagrangian for the optimization problem is as follows:

s =
√
ρeσ

λ =
√
ρe−σ

L(δq, s, λ) = C(δq)− ρ log(s)− λT (ϕ(u) + Jδq − s)

∇δqL :
Mδq

h
+ hKBδq + hP (q)−KBuh− JT√ρe−σh

∇sL : sλ = ρ

∇λL : −ϕ(qk)− Jδqh+
√
ρeσ

(7)
And since sλ always must equal ρ, the complementarity
condition is satisfied by construction.

C. Planning Through Contact SQP

We can now formulate an SQP to minimize the LQR
tracking error for a desired goal configuration q̄ while ensuring
the contact dynamics by including the KKT conditions above
as a equality constraints:

min
q,u,σ

N∑
k=1

(qk − q̄)⊺Q(qk − q̄) + u⊺
kRuk

subject to
− v ≤ δq[1 : 2] ≤ v

− ϕ(qk)− Jδqh+
√
ρeσk = 0

Mδq

h
+ hKBδq + hP (q)−KBuh− JT√ρe−σkh = 0

∀k ∈ 1, 2, · · · , N − 1

(8)

Where, δq is short hand for qk+1 − qk and J the contact
jacobian is a function of qk. The first constraint imposes a
max velocity on the ball’s movement.

III. IMPLEMENTATION DETAILS

To test the log-domain formulation of contact dynamics we
build on the code provided by Arun Bishop. We implemented
a demo of planar push T and 2d push T with rotation. We
first test the contact dynamics by simulating a ball moving
in a fixed desired trajectory and validating that the contact
dynamics are physically valid as we reduce ρ. The implemen-
tation of the quasi-static dynamics are dependent on the signed
distance function between the objects in the environment. We
obtain both the signed-distance function and its gradient from
an implementation of DCOL [13]. We also use the gradient of
the signed distance function to calculate the contact jacobian
for the force normal to the contact point. And for the 2d push
T with rotation, we also find the tangent force direction in the
contact frame by taking the cross product with the z axis unit
vector. Each step of the quasi-static dynamics simulation is
computed with newton’s method on the KKT conditions (7).

Now that we are able to see that the desired contact physics
occurs for a manually specified control input, we can next
implement the trajectory tracking SQP where the quasi-static
dynamics KKT conditions are specified as equality constraints
at each time-step. We then use IPOPT to solve for an optimal
control sequence that minimizes the LQR tracking cost.

Fig. 3: Convex Decomposition of Push T

For the push T scenarios since the T is not a convex shape,
we manually decompose it into two convex boxes for the top
and bottom of the T. This means we need to also double the
number of λ’s to account for all of the potential contacts. This
allows for contact in the inner corner of the T to be represented
as two separate contact points.

Through the log-domain trick, we are satisfying comple-
mentarity by construction, however, IPOPT may be able to
converge to a solution faster if we instead introduce a separate
set of σ’s for each change of variable and manually impose the
relaxed complementarity slackness. Therefore, our quasi-static
dynamics KKT conditions look like the following:

[
M*(q_next - q_k)/dt +

dt*(Pq + K*q_next - K*B*u_k - J’*λ_k)
# Force balance

signed_dist + J*(q_next - q_k) -
sqrt(ρ)*exp.(σs_k)
# Signed distance (positive)

λ_k - sqrt(ρ)*exp.(σλ_k)
# Force is positive

σs_k + σλ_k # Complementarity
]

All of our code can be found at https://github.com/
RoboticExplorationLab/CILogDomain.jl/tree/ocrl project.

IV. EXPERIMENTS AND RESULTS

A. Rotation-Free Push T

We first experimented with a rotation-free push T task to test
our optimization methods and tune parameters. Starting with
this task further simplified the dynamics because we were able
to model the state of the T with just its position and we did
not need to model friction. We experimented with different ρ
schedules to find the best performance and found that faster
(more rapidly decreasing) ρ schedules led to similar terminal
performance while requiring many fewer optimizer iterations.
Figures 4 and 5 show the progression of the solutions across
many iterations with two different ρ schedules. Each test
started with an initial round of 500 iterations followed by
rounds of 1000 iterations.

https://github.com/RoboticExplorationLab/CILogDomain.jl/tree/ocrl_project
https://github.com/RoboticExplorationLab/CILogDomain.jl/tree/ocrl_project


(a) Initial conditions
before the ball begins
pushing the T

(b) 500 iterations
with ρ = 1, clear
force-at-a-distance

(c) Additional 1000
iterations with ρ =
10−1

(d) Additional 1000
iterations with ρ =
10−2

(e) Additional 1000
iterations with ρ =
10−3

(f) Additional 1000
iterations with ρ =
10−4

Fig. 4: Rotation-free push T performance over many optimiza-
tion iterations with a slow ρ schedule.

(a) Initial conditions
before the ball begins
pushing the T

(b) 500 iterations
with ρ = 10−3, near
goal state

(c) Additional 1000
iterations with ρ =
10−4

Fig. 5: Rotation-free push T performance over fewer optimiza-
tion iterations with a faster ρ schedule.

We got the best performance (Figure 5) by starting with
ρ = 10−3 for the first round and ρ = 10−4 for the second.
After this, we had a solution that ended very close to the
goal state. For slower ρ schedules, the great force-at-a-distance
made the ball initially travel away from the T (Figure 4.b).
After a few rounds of convergence and ρ decrease, we got a
similarly close end configuration to the fast ρ schedule albeit
after many more iterations.

In most of our testing, the solver did not converge but timed
out after the iteration limit was reached. This behavior de-
pended on the initial and goal states, with some configurations
being able to solve completely in fewer than 300 iterations
while many did not converge after several thousand iterations
but still produced results that appeared to achieve the goal. We
are unsure why the solver exhibits this behavior but believe it
may be due to the lack of friction in our rotation-free model
and thus the ball’s inability to apply any non-normal forces
when contacting the T, leading to it being difficult to push the
T in some directions while others are more straightforward.

(a) Initial conditions
for a push T task
with rotation

(b) Ball begins push-
ing the T while main-
taining alignment

(c) Ball backs away
from the T to reach
the goal state

Fig. 6: A push T task with rotation that only requires rotating
the T to keep it aligned with the goal state.

(a) Initial conditions
for another push T
task with rotation

(b) Ball begins push-
ing the T from the
right

(c) Ball finishes
pushing the T from
the left

Fig. 7: A push T task with rotation which requires rotating the
T to align it with the goal state. The solution trajectory first
pushed the T from the right and then from the left to achieve
the goal state.

B. Push T with Rotation

Next, we implemented rotation of the T and a friction
model. This allowed the optimizer to solve more complex tasks
in addition to simpler ones like shown previously. Figure 6
shows the solution trajectory of the ball pushing the T directly
to the goal state. If we allowed the T to rotate without the
friction model, even this task would be impractical because
the ball needs to use small lateral forces to keep the T aligned
while approaching the goal.

Figure 7 shows the solution trajectory of the ball pushing
the T to the goal state while rotating it and pushing it from
multiple directions. As shown by Figures 7a and 7b, the ball
first moved to the right of the T to align it with the goal
orientation. As shown by Figures 7b and 7c, the ball then
traveled to the other side of the T to push it to the goal position.
This behavior demonstrates two important capabilities of the
system: 1) the optimizer’s ability to solve for trajectories which
rotate the T by taking advantage of the lateral friction; and 2)
the optimizer’s ability to solve for trajectories which involve
pushing the block from distinct directions as part of a single
trajectory.

Both of these tests with rotation and friction implemented
converged in about 300 iterations but we did run similar tests
which did not converge after 1000 iterations.

V. CONCLUSION

We explored a new formulation of contact smoothing
through the log domain trick on quasi-static dynamics.



Through this project, we derived the quasi-static dynamics for
a ball and block pushing system and extended this to the non-
convex push T. We then evaluated the planning performance
of trajectory optimization through these contact events with a
Sequential Quadratic Program solved with IPOPT. Finally, we
tested various sets of starting configurations, initial conditions
and parameters to learn about the effectiveness of smoothed
contact dynamics. More work is needed to determine exactly
what features of this construction prevent the optimizer from
converging in a few hundred iterations in some tasks as well
as further test its robustness in more complex tasks, especially
those taking advantage of contact friction to manipulate ob-
jects.
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